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Lamb shifts and fine-structure splittings for light muonic ions:
Hyperfine-structure corrections
Robin Swainson and G. W. F. Drake
Department of Physics, Uniuersity of Windsor, Windsor, Ontario, Canada N9B 3P4
(Received 18 February 1986)
Our previous calculations for the energy splittings of the states 2s&~q-2p&q2 and 2s&/2 2@3/2 for the
muonic ions p -Li, IM -Be, and p -B are extended to include hyperfine-structure corrections. The
resu1ts show that there is a rich spectrum of well-resolved hyperfine transitions lying throughout the
visible and infrared parts of the spectrum. A measurement of the transition frequencies would pro-
vide a precise determination of the nuclear radius and the hyperfine-structure coupling constants.
I. INTRODUCTION
Recent high-precision measurements of the 2si/i-2p3/2
transition frequencies in p -He (Refs. 1 and 2) have
stimulated extensive calculations of the various quantum
electrodynamic and finite-nuclear-size contributions to the
energy levels. Our previous work (henceforth referred
to as I) showed that there exists a severe cancellation be-
tween the first-order vacuum polarization and finite-
nuclear-size contributions to the 2s, /i energy levels in the
muonic systems p -Li, p -B, and p -Be. (This
phenomenon was previously reported in the estimates of
Feinberg and Chen and Moskalev in connection with the
possibility of detecting effects due to the weak interaction
in muonic atoms. ) The cancellation causes the 2st/q-
2pi/z and 2si/2-F3/Q transition frequencies to fall in the
visible or infrared regions of the spectrum, thus making
them accessible to tunable laser sources. Hence, relatively
low-precision measurements of these transition wave-
lengths would provide a very sensitive probe of nuclear
size and structure.
In I, the effo:ts of the hyperfine interactions on the
quantum electrodynamic fine-structure levels were not
considered. The hyperflne interaction energy nominally
scales as Z . Combined with the fortuitous cancellation
of the vacuum polarization and finite-nuclear-size correc-
tions to the energy levels, this scaling gives rise to propor-
tionately much larger hyperflne splittings than what one
normally expects. Furthermore, while the nonrelativistic
transition energies scale as only the first power of the re-
duced mass, p, of the system, the hyperflne interaction
scales as p . Thus hyperfine interactions are considerably
more important in muonic systems than in the corre-
sponding electronic systems.
In this note we present calculations of the effect of hy-
perfine interactions on the wavelengths of the 2s&/z-2pi/i
and Zsl&2-2@3&2 transitions in the muonic systems p -Li,
p -B, and p -Be obtained in I, thus extending that work
to the degree of precision required for accurate nuclear ra-
dius measurements. %e also calculated the transition
wavelengths in is -He for comparison with the previously
published values of Boric.
A further motivation for studying a heavier muonic
system such as p -Li is that it may shed some additional
light on the anomalously low collisional quenching rate
observed at high pressures with p -He. ' These measure-
ments are in conflict with low-pressure quench-rate mea-
surements and with calculations. ' Attempts to explain
the low quench rates at high pressures by means of a clus-
ter surrounding the muonic ion" have recently been criti-
cized.
In Sec. II we briefly discuss the theoretical basis of our
hyperfine interaction calculations, and in Sec. III we
present the results of those calculations.
II. THEORY
The quantum-electrodynamic fine-structure energy lev-
els of a muonic atom are perturbed by the non-Coulombic
hyperflne interactions between the nucleus and the muon.
Here we consider only the most important among these
interactions: the magnetic dipole interaction associated
with the nuclear spin, and the electric quadrupole interac-
tion which is due to the possibly nonspherical distribution
of charge within the nucleus. The finite nuclear radius is
taken into account when computing the magnetic dipole
interaction term.
The main correction to the hyperfine interactions which
we do not consider here arises from the change in the nu-
clear potential due to vacuum polarization. A previous
calculation of the hyperfine levels of p, - He, which in-
cluded changes to the hyperfine interaction due to vacu-
um polarization and other small effects, agrees with our
results to the desired level of accuracy. Furthermore,
since we are considering nuclei which cannot be treated as
spin- —,' particles, the analysis of Ref. 4 cannot be directly
applied to our calculations.
The hyperfine interactions split the quantum-
electrodynamic fine-structure level nL,J of a muonic atom
with nuclear spin I into the hyperflne-structure levels
n (2F + 1)I.J where F, the total angular momentum, satis-
fies
)I —j
~
&F(I+j .
The energy of the hyperfine-structure level n (2F + 1)IJ is
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related to the energy of the corresponding fine-structure
level nI.J by
Ehr, (n (2F+1)L;)=Ef,(nL, )+E d(n (2F +1)L; )
+E,q(n (2F +1)Lq ),
where E d and E~ are the corrections due to magnetic
dipole and electric quadrupole interactions, respectively,
and the values of Er, are taken from I. The Uehling po-
tential (first-order vacuum polarization) and finite nuclear
size are treated exactly in that work, and other significant
quantum-electrodynamic effects are treated perturbative-
ly. The effect of nuclear polarization, though less certain,
is also included in I. A full discussion of the methods
used in the calculation of Ef, is given in I.
The magnetic dipole interaction perturbs the fme-
structure energy level by
E d(n (2F +1)LJ)
=(aj /2)[F(F + 1)—j(j+ 1) I(I +—1)](1+5L,oe),
(3)
are given along with the calculated energy levels in Table
II.
The electric quadrupole interaction only acts when
I & 1 and j & 1. In such a case the corresponding pertur-
bation of the level nLJ is given by
Level
Fine-structure
splitting'
Magnetic
dipole
shift
Electric
quadrupole
shift Total
2s i/2
4$ ]/2
2p&n
4P &/2
2p 3/2
4p3n
6p3n
6Li (8=2.56
0.0
0.0
1228.0
1228.0
1976.0
1976.0
1976.0
fm, I 2p —678
—108.8
54.4
—39.3
19.7
—19.7
—7.9
11.8
meV)
0.0
0.0
0.0
O.Q
—3.7
2.9
—0.7
—108.8
54.4
1188.7
1247.7
1952.7
1971.1
1987.1
TABLE II. Contributions to the hyperfine energy levels (in
meV). For each case, R is the assumed rms nuclear radius and
I 2~ is the 2p level width.
where
4a Z (pr/l)(p /mzmz)c /3n for L =0
aj = ' a Z (pl/l)(p /m&mz)c
for L & 1 .
n ~(2L +1)j(j+1)
e= 2Z(R/ao)(p, /r—n, )36@5/35W3, (5)
where we have employed a uniformly charged spherical
model of the nucleus with root-mean-square radius R, and
ao is the (electronic) Bohr radius. In lowest order, which
is all we require here, the finite size of the nucleus only af-
fects the magnetic dipole interaction term for s states.
The values of the nuclear radius used in these calculations
TABLE I. Nuclear input data for the calculation of hyper-
fine structure corrections (Ref. 14).
In the above m„ is the mass of the muon, rn~ the mass of
the proton, p the reduced mass of the system, and pl is
the nuclear magnetic moment measured in nuclear magne-
tons (i.e., units of eiri/2m~). Values of the physical con-
stants used are the same as in I. Nuclear data are given in
Table I. Following 7~iach' the finite-size correction e is
given by
3$1/2
5s )/2
3pi/2
5P i/2
lp3n
3p3n
Sp3n
7p3n
3$ i/2
5$1/2
3p &/2
5P i/2
lp3n
3p3n
Sp3n
7p3n
6$
~n
8$ &/2
6P i/2
8p ~/2
4p3n
6p3n
8p3/2
10p3n
'I.i (~=2.39
0.0
0.0
1659.0
1659.0
2409.0
2409.0
2409.0
2409.0
'Be (A=2.52
0.0
0.0
—1302.0
—1302.0
1077.0
1077.0
1077.0
1077.Q
' B (R=2.45
0.0
0.0
—8902.0
—8902.0
—3074.0
—3074.0
—3074.0
—3074.0
fm, I 2p
—363.9
218.4
—130.9
78.5
—78.5
—57.6
—15.7
47.1
fm, I2p
305.0
—183.0
113.4
—68.0
68.0
49.9
13.6
—40.8
fm, I2p
—713.3
535.0
—271.9
204.0
—163.2
—95.2
0.0
122.4
=6.78 meV)
0.0
0.0
0.0
0.0
—184.2
—36.8
110.5
—36.8
=21.5 meV)
0.0
0.0
0.0
0.0
551.6
110.3
—331.0
110.3
=52.7 meV)
0.0
0.0
0.0
0.0
882.4
—220.6
—735.3
367.7
—363.9
218.4
1528.1
1737.5
2146.3
2314.6
2503.8
2419.3
305.0
—183.0
—1188.6
—1370.0
1696.6
1237,2
759.7
1146.5
—713.3
535.0
—9173.9
—8698.1
—2354.8
—3389.8
—3809.3
—2584.0
Nucleus
He
'Li
Li
'Be
10B
11B
IM/m,
199.289
202,940
203.478
204. 198
204.4514
204.659
3
2
pl (nm)
—2.1276
+ 0.82203
+ 3.25636
—1.17745
+ 1.8006
+ 2.6885
Q(10 ' mi)
—0.0008
—0.04
+ 0.05
+ 0.085
+ 0.041
$1/2
5$ &/2
3p &/2
SP I/2
1p3n
3p3n
Sp3n
7p3n
"B (x=2.42 fm, r„
0.0 —1337.5
0.0 802.5
—8372.0 —509.1
—8372.0 305.5
—2537.0 —305.5
—2537.0 —224.0
—2S37.0 —61.1
—2537.0 183.3
=52.7 meV)
0.0
0.0
0.0
0.0
889.4
177.9
—533.7
177.9
—1337.5
802.5
—8881.1
—8066.6
—1953.0
—2583.1
—3131.7
—$175.9
'Measured relative to the 2$&/2 fine-structure level.
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E~(n (2F+1}I~)
where
3K(K+1)—4j(j+ 1)[I(I+1)]
Sj(2j —1)I(2I—1) (6} Transition
'I.i R=2.46 fm
%'avelength (A)
R=2.56 fm R=2.66 fm
TABLE III. Calculated transition wavelengths for different
assumed values of the rms nuclear radius R.
K =F(F+1)—I(I+1)—j(j+1),
and Q is the nuclear quadrupole moment measured in m,
the values for which are given in Table I. For a single
bound muon
a Z'(m, c /k) (p/rn, ) (2j —1)
n'(2I. +1)I.(I. +1)(j+1)
where k=8/ni, c is the electronic Compton wavelength.
III. RESULTS AND DISCUSSION
The hyperfine energy levels are given in Table II, along
with the contributions from the magnetic dipole and elec-
tric quadrupole interactions. Also listed are the 2p level
widths given in lowest order by
I"(2p)=4.124&(10 5(p/ni, )Z meV
for the 2p~ls electric dipole transition. The transition
wavelengths are given in Table III. The results for zHe
agree with those of Boric to within the level width of the
2p state. The results for 2s~~z-2p&zz transitions of Li,
Li, and Be differ by as much as 5% from the less accu-
rate estimates of Feinberg and Chen. The present values
are sufficiently precise for an accurate determination of
the nuclear radius from observed transition frequencies.
For all cases but "8, the effect of increasing the as-
sumed nuclear radius is to shift all the hyperfine levels up
by about the same amount so that the ordering of these
levels is not affected by the uncertainty in the nuclear ra-
dius. This is of particular importance in the case of the
Li hyperfine levels, where there are good prospects that
an experimental measurement of the transition frequen-
cies will lead to a precise determination of the nuclear ra-
dius. The case of "8 is exceptional in that the theoretical
energies for the 3s&~z and lp3/z levels cross as the radius
varies from 2.32 to 2.52 fm. Several other transitions
show dramatic variations of the predicted wavelength
with E. as levels approach one another. The very-long-
wavelength transitions become essentially unobservable
because of the large level widths shown in Table II. How-
ever, close approaches {if they exist) would enhance the
parity violating effects discussed by Feinberg and Chen
in the radiative decay of muonic states.
As pointed out in I, I,i and I.i are the best candidates
for a measurement of the optical transition frequencies.
At 5000 A, the line width (from Table II) is about 15 A so
that the hyperfine transitions are well resolved, and the
nuclear radius uncertainty is sufficiently small that one
knows where in the spectrum to look for the transitions.
For the cases of Be, ' 8, and "8, it would be necessary
first to locate one of the less sensitive short-wavelength
transitions.
2$1/2 2pin
2$1/2 4p1/2
4$1/2 2p1/2
4$1/2 4P1/2
2$1/2 2p3/2
2$1/2 4p3/2
4$1/2 2p3/2
4$1/2 4P3/2
4$1/2-6P 3/2
'Li
»in-3pin
3$1/2 Spl/2
5$1/2 3pl/2
5$1/2 Spi/2
3$in-ip
3$1/2 3p3/2
3$ i n-Sp3/2
»in-3p3n
5 sin-5p3/2
5$1/2 7p3/2
'Be
3$1/2 3pi/2
3$1/2-5p 1/2
5$1/2 3p1/2
5$1/2 SP1/2
3$1/2- 1p3/2
3$1/2 3p3/2
3$1/2-5 p3/2
5$ in-3p3n
5$1/2-Sp 3/2
5$1/2 7p3/2
10B
6$1/2-6P1/2
6$1/2 8p 1/2
8$1/2 "6p 1/2
8$1/2-8p
6$1/2 4P3/2
6$1/2-6P 3/2
6$1/? -8p3/2
8$1/2 6p3/2
8sin-8p3n
8$1/2 10p3/2
11B
3$ i/2-3p in
3$1/2 5pi/2
5$1/2-3p 1/2
5$1/2 Spi/2
3$1/2 ip3/2
3$1/2 3p3/2
3$1/2-Sp3/2
5$1/2 3p3/2
5$1/2 Sp3/2
Ssi/2 7p3/2
7972.8
7681.4
8910.9
8548.4
5349.9
5307.8
5756.6
5707.9
5666.1
R=2.29 fm
5804.2
5285.9
7989.2
7039.2
4S01.4
4242.2
3984.2
5302.0
4905.0
5074.7
R=2.42 fm
17 734.4
14080.6
59 361.0
31 768.2
5666.9
7173.1
9911.4
5588.1
7120.7
5826.3
R=2.35 fm
1878.4
2024.4
1578.2
1680.0
56 519.3
15 201,4
10038.0
5986.3
4978.0
9798.5
R=2.32 fm
2177.2
2540.6
1S80.0
1763.0
10047.1
20 528.2
223 961.8
8006.9
5912.2
10864,3
9556.2
9140.5
10930.9
10390.4
6014.5
5961.3
6531.5
6468.8
6415.2
R=2.39 fm
65S3.0
5900.0
9466.5
8161.4
4939.3
4628.9
4323.5
5914.8
5425.0
5633.4
R=2.52 fm
8301.0
7401.9
12 329.5
10445.1
8909.6
13 300.5
27271.7
8730.1
13 152.8
9325.7
R=2.45 fm
1465.4
1552.8
1277.0
1342.9
7553.1
4632.4
4004.7
3159.1
2854.0
3975.3
R=2.42 fm
1643.6
1842.5
1280.4
1398.0
20 140.9
9953.4
6910.1
3662.2
3151.5
4163.0
12031.8
11 380.2
14286.6
13 377.0
6909.6
6839.6
7598.3
7513.6
7441.4
R=2.49 fm
7568.7
6710.8
11721.5
9784.3
5494.8
5113.5
4743.3
6722.6
6097.0
6361.4
R=2.62 fm
5347.6
4959.5
6765.1
6155.7
22010.6
119349.3
33 180.3
21025.9
110579.3
24 848.2
R=2.55 fm
1193.6
12S1.0
1066.3
1111.8
3474.3
2693.2
2468.3
2121.4
1979.3
2460.6
R=2.52 fm
1310.7
1434.2
1070.1
1151.0
4896.5
3920.9
3341.2
2344.0
2123.7
2539.5
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